The equation of state of an ideal Fermi gas is expressed in terms of Fermi-Dirac integrals. We give formulae for evaluation the Fermi-Dirac integrals of orders
Introduction
The electron constituent of neutron star envelopes exists in various stages of degeneracy, from a classical gas on the surface to an extremely degenerate Fermi gas in the interior.
Convective regimes may exist within the envelope ( Urpin 1981) . Whether convection does occur depends on the magnitude of the temperature gradient compared to the adiabatic gradient, which is most conveniently calculated from the adiabatic index
where
An estimate of the role of convection requires accurate values for the temperature T and density ρ derivatives of the Pressure P and energy density E. The envelope constituents are electrons, ions, and radiation. The total equation of state, which we treat elsewhere, also contains contributions from the Coulomb correction to the ions and takes into account the changes in binding energy and electron density due to the variation of ionization level with T and ρ.
The electrons make a significant contribution to the equation of state (EOS) in the nondegenerate regime, and dominate when they are degenerate. We treat the electrons as an ideal Fermi gas of arbitrary degeneracy and relativity. We have previously evaluated the nonderivative electron EOS by a scheme which interpolates in a two-dimensional table of Fermi-Dirac integrals (eq. [2-7] below) or uses asymptotic formulae in degenerate, nondegenerate, relativistic, and nonrelativistic limits, where applicable. Those limiting formulae are described in Bludman & Van Riper (1977) .
The evaluation scheme for the direct function is not sufficiently accurate for the calculation of the EOS derivatives by direct numerical differences. Such a scheme becomes ever more hopeless as the degeneracy increases. The fundamental problem is obtaining temperature derivatives of quantities which have a vanishingly small temperature dependence. This problem also presented itself in our derivation of asymptotic formulae for the degenerate T derivatives. Since Urpin (1981) had suggested the possibility of convection in the degenerate regime, we were particularly interested in obtaining an accurate adiabatic index there.
Our method of evaluating the derivatives of the EOS relies on the derivatives of the Fermi-Dirac integrals, which are found by a scheme exactly analogous to our method for the integrals themselves. We prepare a table of the derivatives by accurate numerical integration for intermediate degeneracy and relativity and derived formulae (sometimes relying on other tabulated functions) in the various limits. The interpolation can be made with either a fast second order method or with more accurate polynomial schemes.
We present those formulae here. We will also publish our tables of the Fermi-Dirac functions, their derivatives, modified Bessel functions of the first and second kind, and some Fermi integrals on the Astrophysical Journal CDROM. We will also include FORTRAN subroutines in which our method is implemented. This paper serves as documentation for both tables and subroutines. As such, we will give a brief review of the casting of the EOS in terms of the Fermi-Dirac functions and will also show the limiting formulae for the functions along with the corresponding formulae for their derivatives.
The monikers "Fermi-Dirac" and "Fermi" receive no consistent usage in the literature.
We reserve the term Fermi-Dirac integral (or function) for the bivariate (temperature and degeneracy parameter η) functions defined in equation (2-7). In the relativistic and nonrelativistic limits, these functions reduce to expressions involving integrals (eq. [4-1] below) which depend on η alone; we refer to these latter as integrals as the Fermi functions.
Numerous studies of the Fermi-Dirac integrals and methods for their rapid evaluation exist in the literature (though few of these explicitly treat the derivatives). An excellent general reference is chapter 24 of the book of Cox & Giuli (1968) , which describes the general theory, formulae for many limiting cases, and tabulations of the Fermi-Dirac integrals (based on unpublished work by Terry W. Edwards). The literature contains a number of schemes for calculating one or more of the integrals. Kippenhahn & Thomas (1964; see also Kippenhahn, et al. 1967) give a power series expansion for the evaluation of the thermodynamic quantities n, P , and E which is valid for non-and mildly degenerate gases. Divine (1965) gives a method, based on third order rational function approximations to Fermi integrals of orders
/ 2 , and 3, which gives n, P , and E to a stated accuracy of 0.3% for arbitrary degrees of degeneracy and relativity. Guess (1966) considers an set of functions (Q n ) equivalent to the Fermi-Dirac functions, and gives series expansions for high and low temperatures and degeneracies, accompanied by a tables for the central regime where none of those limits apply. Tooper (1969) , considering relativistic gases for arbitrary degeneracy, derives series expansions in the non-and extremely-degenerate limits and discusses methods for numerical integration in the intermediate regime. Beaudet & Tassoul (1971) give simple formulae with which n, P , and E can be evaluated to an accuracy of several percent for the relativistic and/or degenerate regimes. Bludman & Van Riper (1977) give simple formulae, accurate to 0.5% for the semi-degenerate, relativistic and nonrelativistic regimes. Nadyozhin (1974) and Blinnikov & Rudzskii (1988) consider the limiting cases of extreme relativity and give a number of series expansions. Eggleton, et al. (1973) derived fitting formulae for the n, P , and E of an ideal electron gas for a range of T and ρ covering the regime of arbitrary degeneracy and relativity. Evaluation of the thermodynamic quantities with 5 th order formulae (their Table 4 In the next § we give the formulae for several thermodynamic quantities of an ideal
Fermi gas in terms of the Fermi-Dirac integrals. Asymptotic formulae in the degenerate limit are presented in § 3, including special treatment necessary for the temperature derivatives of the pressure and energy density. The treatments in other asymptotic regions are discussed in §4. Section 5 covers the numerical details, including the integration and interpolation methods and the accuracy and efficiency of the scheme for various interpolation orders.
Thermodynamics of an Ideal Fermi Gas
We will work throughout in terms of the dimensionless degeneracy and temperature
where µ is the chemical potential and m is the mass of the fermion (this theory is also applicable to ideal neutron and proton gases). Constants such as the Boltzman constant k B have their usual meaning throughout this paper. The gas is degenerate (nondegenerate) for η ≫ 0 (η ≪ 0). We will refer to relativity regimes based on the value of β, with the gas being relativistic (nonrelativistic) for β ≫ 1 (β ≪ 1). The gas also becomes relativistic at high density when the µ ≫ mc 2 or, equivalently, when ηβ ≫ 1. In practice,
we take the degenerate (nondegenerate) regime to be η ≥ 70 (η ≤ −30) and the relativistic (nonrelativistic) regime to be β ≥ 10 4 (β ≤ 10 −6 ).
The zero of energy for the particles is chosen so that the thermodynamic potential is
where p is the momentum, g is the statistical weight, and
is the kinetic energy. With the energy so defined, µ does not contain the rest mass. (We do not consider antiparticles-positrons-in this work; neutron star envelopes do not encounter the high T and low ρ where e + appear in significant numbers.)
The number density n, pressure P , and energy density (per volume) E of an ideal
Fermi gas are
and
where the Fermi-Dirac integral of order k is defined as
The energy and pressure derivatives with respect to T and n are
where the derivatives of the Fermi-Dirac integrals are
3. The Degenerate Limit
Temperature Derivatives
The temperature dependence of P and E in the degenerate regime is vanishingly small; obtaining accurate temperature derivatives is accordingly problematic. In particular, the computer representation of temperature-independent terms in (1) and (2) lacks sufficient resolution to ensure cancellations which should occur. We implement these cancellations analytically and use the resulting thermal terms in the degenerate temperature derivatives.
When η > 70, the following are used instead of (2-10) and (2-11):
where the terms in the numerator are
where (3-2b)
Degenerate Fermi-Dirac Functions
The asymptotic degenerate formulae are given in terms of
When the degenerate gas is relativistic, ηβ ≫ 1 and y ≈ ηβ ≫ 1. Similarly, in the nonrelativistic limit, ηβ ≪ 1, y ≈ √ 2ηβ << 1. For most functions, different formulae are used depending the value of y.
The following expressions for the Fermi-Dirac functions and the thermal terms are only used in the extreme degenerate limit (η > 70). In that limit, the first few terms in the degenerate expansions are sufficient (additional terms in the expansion may be found in Cox & Giuli [1968, chapter 24] ). The expressions are
and The small y expansions are used to avoid loss of accuracy due to strong cancellations in nonrelativistic limit.
Degenerate η-Derivatives
The η derivatives and the corresponding thermal functions are, for all values of the relativity parameter y, .
(3-13b)
Degenerate β-Derivatives
The β derivatives and accompanying thermal terms are 
with derivatives
We require these functions for orders k = is accomplished by interpolation. We discuss the tables in more detail below.
Arbitrary Degeneracy and NonRelativistic
In the nonrelativistic limit, β < 10 −6 , the Fermi-Dirac functions and their η-derivatives reduce to the Fermi functions and their derivatives:
involve the next higher order Fermi function. The highest order derivative ∝ G 7/2 only appears in the expressions for the β-derivatives of P and E, multiplied by β << 1. Because G 7/2 is not otherwise required, we carry the G 7/2 table in a separate file for the convenience of implementations where setting ∂F 5/2 (η, β)/∂β = 0 in the nonrelativistic limit is sufficient.
Arbitrary Degeneracy and Extremely Relativistic
In the relativistic limit, β > 10 4 ,
4.2. The NonDegenerate Limit -η < −30
In the nondegenerate limit, we make use of the well-known (Chandrasekhar 1939) relations among the Fermi-Dirac integrals and the modified Bessel functions of the second kind K I and K II (we shall henceforth not explicitly write the adjective "modified"). The
Bessel functions are defined by
where cosh(x) = exp(x) + exp(−x) 2 (4-10)
is the hyperbolic cosine and
the nondegenerate Fermi-Dirac functions are
the Fermi-Dirac functions are the same as their η-derivatives, (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and the β-derivatives are
We make use of a combination of expansions and tabulations to evaluate K I and K II .
Chebyshev Series Expansions
Accurate Chebyshev series expansions exist for the Bessel functions. Tooper (1969) gives expansions, valid for φ > 8, for K 0 and K I : 16) where the ′ in the summation means (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) and finally the sum
We use Tooper's coefficients from his Tables 13 (j = 0) and 14 (j = 1), for which N = 14, to obtain
The function K II is given by
For φ ≤ 8, Chebyshev expansions from Clenshaw (1962) are applicable:
Each of the series in (4-23b) is evaluated by recursion relations similar to those used in the evaluation of (4-16). Starting with (4-18) and using the Chebyshev coefficients a j 2k tabulated by Clenshaw for N = 17, the recursion
is applied until the sum
NonDegenerate Small-β Expansions
In the nonrelativistic limit, β → 0, a power series asymptotic expansion ( Gradshteyn & Ryzhik 1980) in β is applicable. After expanding K I and K II and collecting terms, (4-27b) and
The higher order terms in the expansion (4-27c) have cancelled, but since this expression is only used for β < 10 −3 , the remaining terms give sufficient accuracy.
Extremely Relativistic and NonDegenerate
In the relativistic limit, which we employ for β > 10
and (4-13a) through (4-15c) become
Bessel Function Tabulation and Evaluation Methods
We have prepared, by numerical integration, tabulations of the Bessel functions on a grid of −4 ≤ log 10 φ ≤ 1.6 with a spacing ∆ log 10 φ = 0.1.
For φ > 1, evaluations of derivatives by (4-15a), (4-15b), and especially (4-15c) involve cancellation between the K I and K II terms and require more precision than exists in our table. In addition, K I and K II decrease ever more rapidly with increasing φ; this sharp falloff causes loss of interpolation accuracy for φ > 1 (β < 1). Greater accuracy is obtained by use of high (6 th ) order interpolation in K I and K II and the second expression in equations 4-15a, 4-15b, and 4-15c, which result in better cancellation, but the tables should only be used above β = β t . Between β t and the smaller β c , the Chebyshev expansions should be used. For β < β c , the small-β expansions are more accurate than the Chebyshev series, for which the accuracy suffers as β decreases.
For 6 th order interpolation, the tables, rather than the Chebyshev series are used for β > β t = 10 0.3 . Across this boundary, the Fermi-Dirac functions and derivatives match to 1 part in 5 × 10 5 or less. For less accurate, lower order interpolations, larger values of β t may be appropriate (unless lower order interpolation is used for the sake of reducing computer time). The computer time taken to evaluate a set of functions with the Chebyshev expansions is 1.09 times greater than evaluating the same set with 6 th order table interpolation.
When the β-derivatives are required, the small-β expansions should be used for β < β c = 10 −2.8 ; for
, the loss of accuracy with increasing or decreasing β is steep away from the respective side of the switching point. When the derivatives are not required, log β c = −2.0 is recommended. Across the β c = 10 −2.8 boundary, the functions, the η-derivatives, and
match to a relative difference of 10 −6 or better, where X is any F k or derivative.
5. The Tables: Creation, Interpolation, and Accuracy
Numerical Integration
All integrals considered here were numerically evaluated using a 7-point adaptive Newton-Cotes quadrature rule (implemented in the routine QNC79 from the SLATEC software library). For the Fermi-Dirac and Fermi integrals, η + 100 (rather than ∞) was used for the upper limit of the numerical integration; the lower limit was max(0, η − 100), whereas for the Bessel functions the integrations ran from 0 to 6 − ln(φ). The integration routine evaluates each integral until a desired accuracy is achieved. The accuracy is expressed as a tolerance E, where the result of the numerical integration I does not deviate more than EI from the true answer. We used E = 10 −12 . A comparison of integrations made on 2 platforms-a Silicon Graphics Indigo2 with an R4400 cpu chip running IRIX 5.3
and an Apollo DN4000 running DOMAIN/OS 10.3-agreed to within a relative difference of 1.2 × 10 −7 . This comparison suggests the accuracy of our integrations is not better than 1 part in 10 −7 . The values in the table are the Silicon Graphics integrations. Tables   Three tables of Subroutine calcdfi reads the data from the binary (or unformatted) files fdints.unf (which contains the Bessel data) and dfdints.f is they both exist; if they do not exist, the formatted files fdints.tab, · · · are read, and the logarithm of the data are written to the binary files. The binary files are preferred because the formatted files are 5 times as large and take 35 times longer to load. All data is held in memory as (natural) logarithms. 
The

Interpolation
All interpolation is made with the logarithms of the integrals and derivatives as functions of log β (or log φ) and η (except as noted in the discussion of second order interpolation in the 2-dimensional table). Use of the direct values, rather than the logarithms, is much less accurate for all interpolation orders.
Second Order Interpolation
Second order interpolation for the 1-dimensional functions is a simple linear interpolation between the values on bracketing grid points. For the central 2-dimensional tables, the interpolation is logarithmic in the η direction
where d is the interpolation coefficient and η (a,b) are points in the table. The power is used for the interpolation in the β direction,
where d and β (a,b) have meanings similar to the above.
Higher Order Polynomial Interpolation
Our polynomial interpolation is based on the subroutines POLINT and POLIN2 from the Numerical Recipes book ( Press, et al. 1986 ). We examined the accuracy and speed of the interpolation for several polynomial orders. We found 6 th order to be most accurate, but with a substantial penalty in execution speed. Orders 2 through 6 are available in the subroutine we provide.
The tables below give the accuracy and execution time for various orders and functions.
The accuracy is given in terms of the relative error max(f /f ′, f ′/f ), where f is truth, as
given by a numerical integration, and f ′ is the value from interpolation. Execution times are normalized to 1 for 2 nd order. The timings were made with uniform samplings over the respective tables. Tables   Table 1 gives the maximum relative error for the Fermi-Dirac integrals, along with the execution times, and Table 2 gives the maximum relative errors for the derivatives. The accuracy is based on comparisons with numerical integrations made at η = 0.6η i + 0.4η i+1 and log β = 0.6 log β j +0.4 log β j+1 for each (i, j) cell in the table, a similar set of integrations with 0.4 ↔ 0.6 for every other (i, j) cell, and a sampling of cells with a set of 10 integrations crossing the cell in some direction.
The Two Dimensional
The order in which the 1-dimensional interpolations were performed (ie. η direction first or β direction first) made no difference in the accuracy.
EDITOR: PLACE Table 3 gives the maximum error in the Fermi integrals and their derivatives for a range of ±0.5 in η centered on the value listed. There is variation of up to 100% among the relative errors for the individual functions and derivatives. The maximum relative errors for the 6 functions and the 6 derivatives are the same to within 1%. The relative execution times for the interpolations are given in Table 4 .
Fermi Integrals
EDITOR: PLACE TABLE 3 HERE.
EDITOR: PLACE TABLE 4 HERE. 
Bessel Function Interpolation
Accuracy at Treatment Boundaries
Different methods are used to evaluate the Fermi-Dirac integrals and their derivatives for different ranges of η and β. The closeness of the evaluations on opposite sides of a treatment boundary is given in Table 6 . The quantity tabulated is the largest value of max(f r /f l , f l /f r ) along a boundary. For an η boundary, f (r,l) = f (η ± 0.000001), and for a β boundary f (r,l) = f (log β ± 0.000001). The results are most excellent, especially for 6 th order interpolation.
The β-derivatives lose all accuracy near log β = −1.6. Accordingly, we also list the closeness along η = −30 excluding a range near log β = −1.6.
EDITOR: PLACE TABLE 6 HERE.
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